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Abstract
The structure of the reduced phase space arising in the Hamiltonian reduction of the
phase space corresponding to a free particle motion on the group SL(2,R) is investi-
gated. The considered reduction is based on the constraints similar to those used in
the Hamiltonian reduction of the Wess–Zumino–Novikov–Witten model to Toda sys-
tems. It is shown that the reduced phase space is diffeomorphic either to the union
of two two–dimensional planes, or to the cylinder S1 × R. Canonical coordinates are
constructed for the both cases, and it is shown that in the first case the reduced phase
space is symplectomorphic to the union of two cotangent bundles T ∗(R) endowed with
the canonical symplectic structure, while in the second case it is symplectomorphic to
the cotangent bundle T ∗(S1) also endowed with the canonical symplectic structure.
1E–mail: razumov@mx.ihep.su
1 Introduction
Presently there is the well known method of obtaining various Toda systems by Hamiltonian
reduction of the Wess–Zumino–Novikov–Witten (WZNW) model. In particular, the WZNW
model for the case of the Lie group SL(2,R) gives the simplest Toda system, the Liouville
equation. The main technical tool used in the reduction under discussion is the Gauss
decomposition of the group element describing the configuration of the WZNW model (see,
for example, [1]). Already in an early paper on the Hamiltonian reduction of the WZNW
model [2], it was emphasised that the Gauss decomposition is local. Therefore, the reduced
phase space coincides with the phase space of the corresponding Toda model only locally
and may have more complicated global structure. Unfortunately, one has not yet succeeded
to obtain an exhaustive information on the topology of the reduced phase space for the case
of the total two dimensional WZNW model.
In this connection, in work [3] a one dimensional model obtained from the WZNW model
by the restriction to configuration which do not depend on the space variable, was considered.
Actually, this is the model describing the motion of a particle on the corresponding group
manifold. The authors of work [3] demonstrated that for the case of the Lie group SL(2,R),
in accordance with the value of the parameters characterising the reduction, there are two
different cases. In the first case, the reduced phase space consists of the union of two phase
spaces of the Liouville model. In the second one, the phase space has a more complicated
topology. A detailed, although not exhaustive, investigation of the reduced phase spaces for
various Lie groups was performed in [5].
A quantisation of the reduced system for the case of the Lie group SL(2,R) was considered
in paper [4]. The reduced phase space was considered there as a surface glued from two
patches. The quantisation was performed separately for each, then a procedure of sewing the
corresponding wave functions was performed. Another variant of a quantisation procedure,
which is also based on a local representation of the phase space, is given in [6].
From our point of view, a quantisation based on the global description of the phase space
would be most convincing. In the present work we make a first step in such a direction by
demonstrating that the reduced phase space of the model based on the Lie group SL(2,R) is
diffeomorphic either to the union of two planes, or to the cylinder S1×R. For both cases we
introduce canonical coordinates and show that in the first case the reduced phase space is
symplectomorphic to the union of two cotangent bundles T ∗(R) endowed with the canonical
symplectic structure, while in the second case it is symplectomorphic to the cotangent bundle
T ∗(S1) also endowed with the canonical symplectic structure. Note that in work [6] it was
already observed that the reduced phase space has the topology described above, however
the differential geometric equivalence was not proved.
2 Matrix Lie groups
Let G be a real matrix Lie group, in other words, some Lie subgroup of the Lie group
GL(m,R). Identify the Lie algebra g of the Lie group G with the corresponding subalgebra
of the Lie algebra gl(m,R). Denote by g = ‖gij‖ the matrix–valued function on G, defined
1
as
gij(a) = aij ,
for any a = ‖aij‖ ∈ G.
The Maurer–Cartan form of G is the matrix–valued 1–form, given by the relation
θ = g−1dg. (2.1)
The form θ is invariant with respect to the right shifts in G, takes values in the Lie algebra
g, and satisfies the equality
dθ + θ ∧ θ = 0. (2.2)
Introduce on G local coordinates yµ and represent the Maurer–Cartan form as
θ = (g−1∂µg)dy
µ, (2.3)
where ∂µ = ∂/∂y
µ. The matrix–valued functions g−1∂µg take values in the Lie algebra g.
Fix some basis eα of g. The corresponding structure constants c
γ
αβ of the Lie algebra g are
defined by the relations
[eα, eβ] = c
γ
αβeγ .
Expanding g−1∂µg over the basis eα, we get
θ = eαθ
α
µdy
µ. (2.4)
It is not difficult to get convinced that relation (2.2) is equivalent to the equalities
∂µθ
α
ν − ∂νθαµ + cαβγθβµθγν = 0. (2.5)
It can be shown that the matrix ‖θαµ‖ is nondegenerate. Denote the matrix elements of the
inverse matrix by ξµα. Thus, we have
ξµαθ
β
µ = δ
β
α.
Using this relation and equalities (2.5), we obtain
ξνα∂νξ
µ
β − ξνβ∂νξµα − cγαβξµγ = 0. (2.6)
There exists also the left–invariant Maurer–Cartan form θ¯, defined by the formula
θ¯ = dgg−1. (2.7)
The form θ¯ takes values in the Lie algebra g and satisfies the relation
dθ¯ − θ¯ ∧ θ¯ = 0. (2.8)
Using the local coordinates yµ and the basis eα, represent the form θ¯ as
θ¯ = ∂µgg
−1dyµ = eαθ¯
α
µdy
µ. (2.9)
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From relation (2.8) it follows that
∂µθ¯
α
ν − ∂ν θ¯αµ − cαβγ θ¯βµ θ¯γν = 0. (2.10)
The matrix ‖θ¯αµ‖ is nondegenerate. Therefore, there exist the matrix ‖ξ¯µα‖ with the functions
ξ¯µα determined by the relations
ξ¯µαθ¯
β
µ = δ
β
α.
From equalities (2.10) we get
ξ¯να∂ν ξ¯
µ
β − ξ¯νβ∂ν ξ¯µα + cγαβ ξ¯µγ = 0. (2.11)
Recall that the adjoint representation for the case of a matrix Lie group is described by
the formula
Ad(a)u = aua−1, a ∈ G, u ∈ g.
Comparing definitions (2.1) and (2.7) of the forms θ and θ¯, we obtain
θ¯ = gθg−1 = Ad(g) ◦ θ.
The matrix elements Adβα(a) of the adjoint representation with respect to the basis eα, are
determined by the equality
Ad(a)eα = aeαa
−1 = eβ Ad
β
α(a). (2.12)
Using this equality and relations (2.4) and (2.9), we get
θ¯αµ = Ad
α
β(g)θ
β
µ,
that can be also written as
Adαβ(g) = θ¯
α
µξ
µ
β . (2.13)
Concluding this section, let us obtain a system of partial differential equations satisfied
by the matrix elements of the adjoint representation of the group G. From equality (2.12)
it follows that
∂µ(geβg
−1) = eγ∂µ(Ad
γ
β(g)). (2.14)
It is easy to get convinced that
∂µ(geβg
−1) = [∂µgg
−1, geβg
−1].
Using the equality
ξ¯µα∂µgg
−1 = eα,
which follows from (2.9), we get
ξ¯µα∂µ(geβg
−1) = eγc
γ
αδ Ad
δ
β(g).
Relation (2.14) now gives
ξ¯µα∂µ(Ad
γ
β(g)) = c
γ
αδ Ad
δ
β(g). (2.15)
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3 Free motion on matrix Lie group
The motion of a point particle on a matrix Lie group G is described by a mapping sending
each instant of time to an element of G. Suppose that the scalar product on g defined by
the relation
(u, v) = tr(uv) (3.1)
for any u, v ∈ g, is nondegenerate. This supposition is equivalent to the requirement of
nondegeneracy of the matrix c = ‖cαβ‖, where
cαβ = tr(eαeβ). (3.2)
Scalar product (3.1) is invariant with respect to the action of the group G in g, defined by
the adjoint representation. This invariance leads to the equalities
Adγα(a) Ad
δ
β(a)cγδ = cαβ . (3.3)
The free motion on the group G is described by the Lagrangian
L =
1
2
tr(g−1g˙g−1g˙), (3.4)
where dot means the derivative over t. Lagrangian (3.4) in invariant with respect to the
right and left shifts in the group G. Using equality (2.4), we get
g−1g˙ = (g−1∂µg)y˙
µ = eαθ
α
µ y˙
µ.
This equality allows to write the expression for the Lagrangian L in terms of the coordinates
yµ and the velocities y˙µ:
L =
1
2
y˙µGµν y˙
ν,
where
Gµν = θ
α
µcαβθ
β
ν = θ¯
α
µcαβ θ¯
β
ν (3.5)
are the components of the bi–invariant metric on G. The last equality in (3.5) follows from
(3.3).
Consider now the Hamiltonian formulation of the model. The phase space in this case
is the cotangent bundle T ∗(G), endowed with the canonical symplectic structure. The local
coordinates yµ on G generate the local canonical coordinates yµ, pµ on T
∗(G), and the
canonical symplectic 2–form in terms of these coordinates has the form
Ω = d(pµdy
µ).
This symplectic form leads to the following Poisson brackets for the coordinate functions yµ
and pµ:
{yµ, yν} = 0, {pµ, pν} = 0,
{yµ, pν} = δµν .
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The Legendre transformation is described in the case under consideration by the relations
pµ =
∂L
∂y˙µ
= Gµν y˙
µ,
and we have the following expression for the Hamiltonian of the system:
H =
1
2
pµG
µνpν ,
where Gµν are the matrix elements of the matrix inverse to the matrix ‖Gµν‖. An explicit
expression for Gµν has the form
Gµν = ξµαc
αβξνβ = ξ¯
µ
αc
αβ ξ¯νβ , (3.6)
where cαβ are the matrix elements of the matrix inverse to the matrix ‖cαβ‖.
Define the functions
jα = −ξµαpµ, ¯α = −ξ¯µαpµ.
Taking into account (2.13), we obtain
jα = Ad
β
α(g)¯β. (3.7)
From (2.6) and (2.11) one gets the following expressions for the Poisson brackets of the
functions jα and ¯α:
{jα, jβ} = cγαβjγ, {¯α, ¯β} = −cγαβ ¯γ,
while equations (2.15) and relation (3.7) give
{jα, ¯β} = 0.
The functions jα and ¯α are the generators of the left and right shifts in the group G. Indeed,
from relations (2.3) and (2.4) we get
ξµα∂µg = geα.
This equality allows to show that
{jα, g} = geα.
Similarly, using (2.9), we obtain
{¯α, g} = eαg.
As it follows from (3.6), the Hamiltonian of the system in terms of the functions jα or ¯α has
the following form
H =
1
2
jαc
αβjα =
1
2
¯αc
αβ ¯β. (3.8)
Using (2.4), we get
dyµ = ξµαc
αβ tr(eβθ).
Hence, there is valid the equality
Ω = − tr(jθ), (3.9)
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where we have introduced the notation
j = jαc
αβeβ.
Similarly, we obtain
Ω = − tr(¯θ¯),
where
¯ = ¯αc
αβeβ.
From formulas (3.7) and (3.3) it follows that the matrix valued functions j and ¯ are related
by the equality
¯ = gjg−1 = Ad(g) ◦ j. (3.10)
4 Lie group SL(2, R)
The Lie group SL(2,R) is formed by all real 2× 2 matrices
a =
(
a11 a12
a21 a22
)
,
satisfying the relation
det a = a11a22 − a12a21 = 1.
The Lie algebra of the group SL(2,R) is the Lie algebra sl(2,R), which consists of all real
traceless 2× 2 matrices. Consider the canonical basis of sl(2,R):
e1 = x− =
(
0 0
1 0
)
, e2 = h =
(
1 0
0 −1
)
, e3 = x+ =
(
0 1
0 0
)
.
With such a choice of a basis, in accordance with (3.2) we have
‖cαβ‖ =

 0 0 10 2 0
1 0 0

 , ‖cαβ‖ =

 0 0 10 1/2 0
1 0 0

 . (4.1)
Introducing the notation
j− = j1, j0 = j2, j+ = j3,
¯− = ¯1, ¯0 = ¯2, ¯+ = ¯3,
we get for the matrix valued functions j and ¯ the expressions
j =
(
j0/2 j−
j+ −j0/2
)
, ¯ =
(
¯0/2 ¯−
¯+ −¯0/2
)
. (4.2)
Using now relation (3.10), we obtain
¯− = (g11)
2j− − g11g12j0 − (g12)2j+,
¯0 = −2g11g21j− + (g11g22 + g12g21)j0 + 2g22g12j+,
¯+ = −(g21)2j− + g22g21j0 + (g22)2j+.
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For the case under consideration we have the following expression for the inverse element:
a−1 =
(
a22 −a12
−a21 a11
)
.
From this equality we get the explicit expression for the Maurer–Cartan form:
θ =
(
g22dg11 − g12dg21 g22dg12 − g12dg22
−g12dg11 + g11dg12 −g21dg12 + g11dg22
)
.
Now, taking into account (3.9) and (4.2), we obtain
Ω =d[j−(g21dg11 − g11dg21) + j0(g11dg22 − g22dg11
+ g12dg21 − g21dg12)/2 + j+(g12dg22 − g22dg12)]. (4.3)
5 Reduced phase space
The phase space reduction in question is performed by imposing two first class constraints:
j+ = µ, ¯− = ν, (5.1)
where µ and ν are two nonzero real constants. Constraints (5.1) generate on the surface
defined by them an action of a two dimensional Lie group. This action is free and gives the
foliation of the constraint surface into two dimensional orbits. As it follows from the general
theory of the Hamiltonian reduction, the space of orbits is a symplectic manifold with the
symplectic structure inherited from the initial phase space. This phase space is usually called
the reduced phase space. In the case under consideration the reduced phase space can be
realised as the surface obtained as the intersection of the constraint surface with the surface
defined by the relations called gauge conditions. Note that the projection of the considered
group action to the configuration space is not a free action, therefore, the gauge conditions
must be imposed on the coordinates jα and ¯α. It is not difficult to get convinced that as
admissible gauge conditions we can take, for example, the relations
j0 = 0, ¯0 = 0.
Taking these gauge conditions into account, we see that the reduced phase space is defined
by the equations
(g11)
2j− − (g12)2µ = ν, (5.2)
g22g12µ− g11g21j− = 0, (5.3)
g11g22 − g12g21 = 1. (5.4)
Multiplying (5.3) by g11 and using (5.2) and (5.4), we get
g12µ− g21ν = 0. (5.5)
Substituting this equality into (5.3), we come to the equality
g12(g22ν − g11j−) = 0. (5.6)
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From the other hand, taking into account (5.5), we can rewrite (5.2) in the form
(g11)
2 − g12g21ν = ν,
that gives after the usage of (5.4) the relation
g11(g22ν − g11j−) = 0. (5.7)
Since the functions g12 and g11 cannot take zero value simultaneously, then it follows from
(5.6) and (5.7) that
g22ν − g11j− = 0. (5.8)
Using relations (5.5) and (5.8) to exclude the functions g21 and g22, it is easy to get convinced
that system of equations (5.2)–(5.4) is equivalent to the single equation (5.2). In other
words, the reduced phase space can be considered as a two dimensional surface in the three
dimensional space with the coordinates g11, g12 and j−, defined by equation (5.2). As it
follows from (4.3) the symplectic form on the reduced phase space is given by the relation
Ω =
µ
ν
d[2j−(g12dg11 − g11dg12) + g11g12dj−]. (5.9)
The reduced phase space has different topologies depending on the value of the parameters
µ and ν. Actually, there are two essentially different variants, determined by the relative
sign of these parameters.
Suppose first that the parameters µ and ν have the same sign. Without loss of generality
one can put µ = ν = 1. From (5.2) it follows that in the case under consideration g11 cannot
take zero value, and the coordinate j− can be expressed through g11 and g12:
j− =
(g12)
2 + 1
(g11)2
. (5.10)
Thus, the reduced phase space is topologically the union of two nonintersecting two dimen-
sional surfaces. It is clear also that these surfaces can be realised as the open subsets of the
plane described by the coordinates g11 and g12, singled out by the conditions g11 > 0 and
g11 < 0.
From (5.9), using (5.10), we get for the symplectic form on the reduced phase space the
following expression
Ω = −2dg12 ∧ dg11
(g11)2
.
Now it is not difficult to introduce canonical coordinates assuming, for example,
Q = ln g11, P = −2g12
g11
.
for the case g11 > 0. From (3.8) and (4.1) we conclude that the Hamiltonian of the reduced
system coincides with j−. Taking into account (5.10) and the equalities
g11 = expQ, g12 = −1
2
P expQ,
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we get
H =
1
4
P 2 + exp(−2Q).
The solution of the equations of motions for the system with this Hamiltonian is well known,
therefore we will not write it here.
Consider now the case when the parameters µ and ν have different signs and put µ =
−ν = −1. Introduce for g11 and g12 the polar coordinates,
g11 = R sinΦ, g12 = R cosΦ.
From equation (5.2) it follows that
R2 =
1
j− sin
2Φ + cos2Φ
.
We can treat Φ and j− as coordinates on the reduced phase space. It is easy to see that
these coordinated take only those values for which
j− sin
2 Φ+ cos2Φ > 0.
The symplectic form in terms of the coordinates Φ and j− has the form
Ω = − 1
j− sin
2Φ+ cos2Φ
dj− ∧ dΦ.
Thus, we see that the coordinates Φ and j− have two essential deficiencies. First, these
coordinates do not take arbitrary values, and, second, they are not canonical. It is easy to
get convinced that the general form of a coordinate conjugated to Φ is given by the relation
Π = − 1
sin2Φ
ln
(
j− sin
2Φ + cos2Φ
)
+ F (Φ),
where F (Φ) is an arbitrary periodic function. Choosing F (Φ) = 0, we come to convenient
canonical coordinates Φ and Π. Note that these coordinates take arbitrary values.
It is not difficult to show now that g11, g12 and j− are expressed via the coordinates Φ
and Π in the following way:
g11 = exp(Π sin
2Φ/2) sinΦ, (5.11)
g12 = exp(Π sin
2Φ/2) cosΦ, (5.12)
j− =
(
exp(−Π sin2Φ)− cos2Φ) / sin2Φ. (5.13)
Relations (5.11)–(5.13) give a parametric representation of the reduced phase space consid-
ered as the surface defined by equation (5.2). Here the function entering this representation
are infinitely differentiable. Moreover, the corresponding tangent vectors are linearly inde-
pendent. Therefore, the reduced phase space is diffeomorphic to the cylinder S1×R. Taking
into account the fact that the coordinates Φ and Π are canonical coordinates, we see that
the reduced phase space is symplectomorphic to the cotangent bundle T ∗(S1) endowed with
the canonical symplectic structure.
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The Hamiltonian of the system in terms of the coordinates Φ and Π is
H =
1
sin2Φ
(
cos2Φ− exp(−Π sin2Φ)) .
Hence, the Hamiltonian equations of motion have the form
Φ˙ = exp(−Π sin2Φ), (5.14)
Π˙ = 2 cotΦ
(
1
sin2Φ
− exp(−Π sin2Φ)
(
Π+
1
sin2Φ
))
. (5.15)
Despite of the fact that these equations have a rather complicated form, they can be easily
solved. Indeed, the Hamiltonian of the system is a conserved quantity, which has the sense
of energy. Let us look for the solutions of the equations of motion for which H = ǫ. Using
(5.13) and (5.14), we come to the relation
ǫ =
1
sin2Φ
(cos2Φ− Φ˙).
Consider the function T = tanΦ. For this function we get the equation
T˙ = 1− ǫT 2. (5.16)
In the case ǫ < 0, this equation has the solution
T (t) =
1√−ǫ tan
(√−ǫ(t− c)) ,
where c is the integration constant. From this we easily get
cos 2Φ(t) =
ǫ+ tan2
(√−ǫ(t− c))
ǫ− tan2 (√−ǫ(t− c)) ,
sin 2Φ(t) = −2
√−ǫ tan (√−ǫ(t− c))
ǫ− tan2 (√−ǫ(t− c)) ,
Π(t) =
tan2
(√−ǫ(t− c))− ǫ
tan2
(√−ǫ(t− c)) ln
[
ǫ+ ǫ tan2
(√−ǫ(t− c))
ǫ− tan2 (√−ǫ(t− c))
]
.
In the case ǫ > 0 equation (5.16) has the solution
T (t) =
1√
ǫ
tanh
(√
ǫ(t− c)) ,
and we come to the relations
cos 2Φ(t) =
ǫ− tanh2 (√ǫ(t− c))
ǫ+ tanh2 (
√
ǫ(t− c)) ,
sin 2Φ(t) =
2
√
ǫ tanh (
√
ǫ(t− c))
ǫ+ tanh2 (
√
ǫ(t− c)) ,
Π(t) = −tanh
2 (
√
ǫ(t− c)) + ǫ
tanh2 (
√
ǫ(t− c)) ln
[
ǫ− ǫ tanh2 (√ǫ(t− c))
ǫ+ tanh2 (
√
ǫ(t− c))
]
.
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Thus, we have the explicit solution of the equations of motions.
To construct the corresponding quantum theory, we have to solve the ordering problem
for the quantum Hamiltonian. In any case, in the representation where the state space is
realised as the space of square integrable functions on the circle, the corresponding operator
is not local. However, the availability of the explicit general solution to the classical equations
of motions gives us a hope that the eigenvalue problem for the quantum Hamiltonian can be
solved.
6 Conclusion
In the present work we have studied in detail the structure of the reduced phase space
arising as the result of the Hamiltonian reduction of the phase space corresponding to a free
particle motion on the Lie group SL(2,C). We have shown that the reduced phase space is
diffeomorphic either to the union of two cotangent bundles T ∗(R), or to the cotangent bundle
T ∗(S1). Moreover, for both cases we have constructed canonical coordinates and have shown
that the arising phase spaces are symplectomorphic to the corresponding cotangent bundles
endowed with the canonical symplectic structure.
Note that despite of a complicated structure of the Hamiltonian, arising in the second
case, the classical equations of motions can be explicitly integrated. This fact allows us to
hope that the quantisation problem has an explicit solution.
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